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1 Introduction 

In this paper we consider the existence of convex solutions to the Dirichlet 
problem for the weakly coupled system 

(«(r)) N )' = XNt^fi-Uzir)) in < r < 1, 
(^(rD^AJV^-'jI-Hifr)) in 0<r<l, ( L1 ) 
tti(O) = u' 2 (0) = 0, ui(l) = u 2 (l) = 0, 

where N > 1. A nontrivial convex solution of (jl.2p is negative on [0,1). Such 
a problem arises in the study of the existence of convex radial solutions to the 
Dirichlet problem for the system of the Monge-Ampere equations 

det(L» 2 ui) = Xf(-U 2 ) in B, 

det(L» 2 u 2 ) = Ag(-ui) in B, (1.2) 
u\ = U2 = on dB, 

where B — {x e M. N : \x\ < 1} and detD 2 Ui is the determinant of the Hessian 



matrix ( g ® u ^ x ) of m. For radial solution m(r) with r — yY^i x h t ^ ie Monge- 
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Ampere operator simply becomes 



detpV) = = ^((ury (1-3) 

and then (jl.ll) can be easily transformed into (|1.2[) . (|1.3|) is frequently used in 
the literature, see the references [H [7] on radial solutions of the Monge- Ampere 
equations and others, e.g., Caffarelli and Li [Tj. It can be derived from the fact 
that the Monge- Ampere operator is rotationally invariant, see, for example, [4, 
Appendix A. 2]. 

Much attention has been focused on the study of single Monge- Ampere equa- 
tions. Radial solutions of the boundary value problem with a single Monge- 
Ampere equations satisfy 

(K(r)) JV )' = A/(- U (r)) re (0,1) 
u'(0) = 0, u(l) = 0. 

Kutev [7] investigated the existence of strictly convex radial solutions of (|1.4[) 
with f(—u) = (—u) p . Delano [2] treated the existence of convex radial solutions 
of (jl.4[) for a class of more general functions, namely Aexp/(|x|, u, |Vu|). 

By using Krasnoselskii's fixed point theorem, the author [5], and Hu and the 
author [3 showed that the existence, multiplicity and nonexistence of convex 
radial solutions of (|1.4[) can be determined by the asymptotic behaviors of the 
quotient at zero and infinity. In a recent paper, the author [11] proved 
analogous results for general systems. Note that the general system in pj] do 
not include (jl.ljl . 

In this paper we shall continue to establish the existence, multiplicity and 
nonexistence of convex radial solutions of the weakly coupled system (|1.1[) (and 
ljl.2[) l for various combinations of asymptotic behavior of /, g at zero and infin- 
ity based on Krasnoselskii's fixed point theorem. The author [TU] showed the 
existence of convex redial solutions of (jl.ip in superlinear and sublinear cases. 

First, let 

fa = hm — ^, /oo = hm — ^ , 

and 

r 9(x) v g{x) 

g = hm — w , g^ = hm — w -. 

The main results in [TU] is Theorem ll.il We include and prove it here only 
for completeness. 

Theorem 1.1 JlOjl Assume f,g : [0,co) — > [0,oo) are continuous. 

(a) . If fo — go — and = g^ = oo, then 11. 1]) (and il.ty) ) has a nontrivial 
convex solution for all A > 0. 

(b) . If fo = go = oo and = g^ = 0, then \1.1\) (and ll.fy) ) has a nontrivial 
convex solution for all A > 0. 

Our main results in this paper are: 
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Theorem 1.2 Assume f,g : [0, oo) — > [0, oo) are continuous and f(x) > 0,g(x) > 
for x > 0. 

(a) . If either fo = go = 0, or foo — g^ — 0, then there exists a Xq > such 
that for all A > Ao d 1-1)) ( and A1.2\) ) has a nontrivial convex solution. 

(b) . If either fo = go = oo, or foo — g x — oo, then there exists a Xq > such 
that for all < X < Xq il.l\) (and kl.2\) ) has a nontrivial convex solution. 

(c) . If fo = go = foe — .9oc = 0, then there exists a Xq > such that for all 
A > Ao GUP ( an d hi -Sty ) has two nontrivial convex solutions. 

(d) . If fo = go = /oo = goo = oo, then there exists a Xq > such that for all 
< A < Ao U.l\) (and U.2\) ) has two nontrivial convex solutions. 

(e) . If fo, go, foo, goo < oo, then there exists a Xq > such that for all < A < Ao 
il.l\) (and il.2\) ) has no nontrivial convex radial solution. 

(f) - V fo, go, foo, goo > 0, then there exists a Xq > such that for all X > Xq 
U.l\) ( and Al.ty) ) has no nontrivial convex radial solution. 

Remark 1.3 A nontrivial solution (u\(r), U2<V)) of (jl.lj) has at least one nonzero 
component. It is possible that one of its components is zero. (vi(r), V2{r)) — 
(—u\{r), —U2(r)) is a nontrivial solution to (I2.5[) or a positive fixed point of T\ 
in (|2.6[) . From the integral expression (12.6[) . we have for r S (0, 1) 

v[(r) = -(X r^-VM*))^)* 
Jo 

and 

4(r) = -(X f NT^g^iWr)™ 
Jo 

Therefore, each component u'^r) = —v'^r) is nondecreasing and Ui = —Vi(r), i = 
1, 2 are convex. 

Remark 1.4 Apparently the intervals of the parameter A for ensuring the ex- 
istence of convex solutions of (jl.lj) are not necessarily optimal. The estimates of 
the operator in Section [2] can be improved. We will address them in the future. 

2 Preliminaries 

With a simple transformation v.- L — —Ui,i — 1,2 (jl.lj) can be brought to the 
following equation 

((-v[(r)) N )' = AiVr^- 1 /^), < r < 1, 

h-^(T)) N j = XNr^givt), < r < 1, ^ 
^(0) = ^(1) =0, i = l,2. 

Now we treat positive concave classical solutions of (|2.5j) . 

We recall some concepts and conclusions of an operator in a cone. Let X 
be a Banach space and if be a closed, nonempty subset of X. K is said to be 
a cone if (i) au + (3v £ K for all u,v g K and all a, f3 > and (ii) u, —u £ K 
imply u — 0. We shall employ Krasnoselskii's fixed point theorem to prove 
Theorems OO 
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Lemma 2.1 (011]) Let X be a Banach space and K (c X) be a cone. Assume 
that fii, VL 2 are bounded open subsets of X with G Oi , Oi C £72, and let 

T : Kn(Q 2 \fli) -> # 

oe completely continuous such that either 

(i) ||Tu|| > ||u||, u G iTndQi and ||T«|| < \\u\\, u eKndn 2 ; or 

(ii) ||Tu|| < ||u||, u £ Kndfli and \\Tu\\ > \\u\\, u G Kndfl 2 . 
Then T has a fixed point in K D (Q 2 \Qi). 

In order to apply Lemma \2. II to (|2.5p , let X be the Banach space C[0, 1] x 
C[0, 1] and, for (vi,v 2 ) G X, 

ll(«l,«2)ll = ll«l|| + INI 

where ||«j|| = sup tg r 0)1 i Define K to be a cone in X by 

X" = {(«i, «a) £l:»i(t) >0, tG [0,1], min «j(t) > 7 |H|,t = 1,2}. 

i<*<! 4 

For r > let 

n r = {(vi,v 2 ) £ K : \\( Vl ,v 2 )\\ < r}. 

Note that <9ft r = {(vi,v 2 ) <E K : ||(wi,w 2 )|| = r}. Further let T A : K -> X be a 
map with components (T A ,T?), which are defined by 

T\(vi,v 2 )(r) = [ (A f Nr^fiv^dA^ds, r G [0,1], 

i s \ (2-6) 

I?(wi,«a)(r) = y NT^g^Wdryds, rG [0,1]. 

It is straightforward to verify that (|2.5[) is equivalent to the fixed point equation 

T\(vi,v 2 ) = (vi,v 2 ) in K. 

Thus, if (vi, v 2 ) G AT is a positive fixed point of T\, then (— vi, —v 2 ) is a convex 
solution of (jl.ll) . Conversely, if (ui,u 2 ) is a convex solution of (jl.lj) . then 
(— iti, — M2) is a fixed point of T\ in if. 

The following lemma is a standard result due to the concavity of v, see e.g. 
[S]- We prove it here only for completeness. 

Lemma 2.2 Let v(t) G C^O, 1] for t e [0,1]. > and v'(t) is nonin- 

creasing on [0, 1] . Then 

v(t)>Twn{t,l-t}\\v\\, tG [0,1] 

where \\v\\ = max tg [ 01 ] v{t). In particular, 

min v(t) > -\\v\\. 

i<*<f 4 

and ifv(0) = \\v\\, then 

v(t) > (l-t)||v||,t G [0,1]. 
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Proof Since v'(t) is nonincreasing, we have for < to < t < t\ < 1, 
v(t) - v(t ) = [ v'(s)ds >(t- t )v'(t) 

and 



to 



u(fx) - v(t) = J v'(s)ds < (h - t)v'(t), 
from which, we have 

(f x - t)v(t ) + (t - to)v(h) 



v(t) > 



fx — to 



Choosing a G [0,1] such that v(a) = \\v\\ and considering [fo,fx] as either of 
[0, a] and [a, 1], we have 

v{t)>t\\v\\ for f£[0,cr], 

and 

v(t) > (1 -t)\\v\\ for iefal]. 

Hence, 

v(t) > min{f,l -f}||u||, fe[0,l]. 

□ 

Ta(-K^) C if in Lemma [2.31 is a result of Lemma [2.21 The continuity and 
compactness of T\ in Lemma 12.31 can be verified by the standard procedures. 

Lemma 2.3 Assume f,g : [0, oo) — > [0, oo) are continuous. Then T\(K) C K 
and T\ : K — > K is a compact operator and continuous. 

Let 

r= ~ [* ( [' Nr^dr) ' ( /.s 0. 

Lemma 2.4 Assume f,g : [0,oo) — > [0,oo) are continuous. Let (vi,V2) G ^ 
and i] > 0. // 

/(«a(t)) > (w2(t)) N for te [-,-], 

or 

9(vi(t))>(m(t)) N for tG[i|, 

i/ien 

||T x (wi, w 2 )H > A*r»j||w2||, 

or 

||T A (ui,t; 2 )|| > A^r^lKII, 

respectively. 
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Proof Note, from the definition of T\(vi,v 2 ), that T^(^i, w 2 )(0) is the maxi- 
mum value of TjJ(i>i, V2) on [0,1]. It follows that 

||T A («i,«2)|| > sup \Tl(v u v 2 )(t)\ 
te[o,i] 



>A^ I ( NT N - 1 f{v 2 {T))d T ) N ds 

4 4 

> A^ / 4 ( J' NTV-^rnWdT^ds 

4 4 

>A^ p NT N -iq\\v 2 \\) N dryd S 



Similarly, 



A*r»7||i; 2 ||. 



\T x ( Vl ,v 2 )\\ > sup \T^ Vl ,v 2 )(t)\ > A«r77||^||. 
te[o,i] 



□ 

We define new functions f(t),g(t) : [0, 00) — > [0,oo) by 

/(i) = max{/(u) : < v < t}, g(t) = max{5(u) : < v < t}. 

Note that fo = lim^o foo = hm^oo and go, goo can be defined simi- 
larly. 

Lemma 2.5 J3j Assume f,g : [0, 00) — > [0, 00) are continuous. Then 

fo foi foo foo, 

and 

So = 5o> 9oo — 9oo- 

Lemma 2.6 Assume f,g : [0,oo) — > [0,oo) are continuous. Let r > 0. // there 
exists an e > such that 

f(r)<(er) N ,g(r)<(er) N , 

then 

||T A (t;i,«a)|| <2s\7r \\( Vl , v 2 )\\ for ( Vl ,v 2 ) € dCl r . 
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Proof From the definition of T, for (vi, v 2 ) G dQ r) we have 
2 

\\Tx(vi,v 2 )\\ = J2 SU P \ T i(n,V2)(t)\ 
i=i *e[o.i] 

Jo Jo 

< iVr^-VWdr)* +X^{[ N^^g^dr)^ 
Jo Jo 

< \Tr([ NT N - 1 dr)^er + \tt( [ Nr^dr^sr 

Jo Jo 

= 2A*e||(v 1 ,« 2 )||. 

□ 

The following two lemmas are weak forms of Lemmas 12.41 and 12.61 

Lemma 2.7 Assume f 7 g : [0,oo) —y [0,oo) are continuous and f(u),g(u) > 
for u > 0. Let r > 0, (^1,^2) G ^V- Then 

||T A («i,«3)|| > 4A^r(m r )^, 

where m r = minr <t< r {min{/(i), <7(i)}} > 0. 

Proof If (vi,V2) G dfl r , then sup te [ ji Vi > \r must hold for either i = 1 or 
i = 2. If sup tg [ 01 ] ^2 > §r, then 

, . 1 1 
mm «2(i) > — sup v 2 > — J" 
|<t<! 4 te[o,i] 8 

which implies that 

1 3 

f(v 2 {tj) > rh r fort G [-,-]. 

Otherwise, we have 

1 3 

g{vi{t)) > rh r fort £ [-, -]. 
It is easy to see that this lemma can be shown in a similar manner as in Lemma 

cm □ 

Lemma 2.8 Assume f,g : [0,oo) — > [0, 00) are continuous and f(u),g(u) > 
for u > 0. Let r > 0, (^1,^2) G Sl r . TTien 

||T A («i,«2)|| <2A^(M r )*, 

w/iere M r = max{/(t) + : < i < r} > 

PROOF Since f(vi(t)), f(vi(t)) < M r = for t G [0, 1], it is easy to see that this 
lemma can be shown in a similar manner as in Lemma 12.61 □ 
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3 Proof of Theorem 11.11 



Proof Part (a). It follows from Lemma 12.51 that /o = 0,go = 0. Therefore, 
we can choose r\ > so that /(ri) < (er\) N , g(ri) < {sr%) N where the constant 
e > satisfies 

2e\7r < 1. 

We have by Lemma 12.61 that 

HTAfa.VaJH <2A^£||(ui,u 2 )|| < ||(«i,«2)|| for {v u va) G 50 ri . 
Now, since /oo = oo, c/oo = 00, there is an H > such that 

f(v)>(vv) N ,g(v)>(r,v) N 
for v > H , where r\ > is chosen so that 

^X^Tt] > 1. 

Let r 2 = max{2ri, 87?}. If (ui,«2) G <9£7 r2 , su Pte[o.i] u i — 3 r 2 must hold for 
either i — 1 or i — 2. Without loss of generality, assume that sup t6 [ u Vi > ^r 2 . 
Then ^ 

min vi(t) > - sup w x > -r 2 > 2T, 

i<*<! 4 te[o,i] 8 

which implies that 

9(vi (t)) > (^1 (*)) " for tG [1 |]. 

It follows from Lemma 12.41 that 

||Ta(wi,-u 2 )|| > rA^Hui]] > -A^TV 2 > r 2 = \\(vi,v 2 )\\. 

By Lemma 12.11 has a fixed point (1)1,1)2) G O r2 \ The fixed point 

(vi,V2) £ Q r2 \ fi n is the desired positive solution of (|2.5[) . 

Part (b). Since /o = 00, go = 00, there is an r± > such that 

f(v) > (vv) N ,g(v) > (r]v) N 

for < v < r\ , where 77 > is chosen so that 

\^Yr\ > 1. 

If (ui,«2) G c?fi ri , then 

/(«a(i)) > (vv2) N , g(vi(t)) > (^ 1 ) Jv for t e [0,1]. 

Lemma 12.41 implies that 

||TA(«i,Va)|| > A*r?7||(ui,W2)|| > ||(«i,W2)|| for («i , u 2 ) G <9Q n ■ 
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We now determine f2 r2 . It follows from Lemma 12.51 that foo — and goo = 0. 
Therefore there is an r 2 > 2r\ such that 

/(r 2 ) < (er 2 ) N , g(r 2 ) < (er 2 ) N , 

where the constant 2\i>e < 1. Thus, we have by Lemma 12.61 that 

||T A («i,«a)|| <2eA*||(wi,«3)|| < ||(«i,W2)|| for (vi,v 2 ) G dSl r2 . 

By Lemma 12.11 T\ has a fixed point (wi,u 2 ) in ^r 2 \ ^n- And (t>i,i>2) is the 
desired positive solution of (|2.5p . □ 

4 Proof of Theorem 11.21 

Proof Part (a). Fix a number r\ > 0. Lemma |2~T1 implies that there exists a 
A > such that 

||T A («i,u 2 )|| > ||(ui,u 2 )|| = for (vi,v 2 ) G dn T1 ,X > A . 

If /o = .go = 0, it follows from Lemma l2~5l that 

fo = 9o = 0. 

Therefore, we can choose < r 2 < n so that 

/>2)<(er 2 ) JV ,g(r 2 )<( e r 2 ) JV 
where the constant e > satisfies 

2eA^ < 1. 

We have by Lemma 12.61 that 

||TA(«i > Va)||<2A*e||(«i > v 2 )||< ||(« x ,«2)|| for (v u v 2 ) G d£l r2 . 

If foo = 9oo = 0, it follows from Lemma 12.51 that then = goo — 0. Therefore 
there is an r 3 > 2r*i such that 

/fa) < M^ra) < (era)" 
where the constant s > satisfies 

2eA^ < 1. 

Thus, we have by Lemma 12.61 that 

||T A («!,va)|| <2A^£||(ui,u 2 )|| < ||(wi,u 2 )|| for (i>i,i> 2 ) G dft r3 . 

It follows from Lemma 12.11 that T\ has a fixed point in O ri \ tt r2 or Q r3 \ Q ri . 
Consequently, (|2.5j) has a positive solution for A > Aq. 
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Part (b). Fix a number r\ > 0. Lemma |2~51 implies that there exists a Ao > 
such that 

||T A (»i,»2)|| < \\(vi,v 2 )\\ =n, finrvean^, < A < A . 
If /o = .go = °Oj there is an < r 2 < r\ such that 

f(v)>(vv) N ,g(v)>( V v) N 
for < v < r 2 , where rj > is chosen so that 

\irrri > 1. 

If (ui,«2) £ 5il r2 , then 

/(wa(i)) > (j^)", > (^ 1 ) iV for t G [0,1]. 

Lemma 12.41 implies that 

||T A (wi,wa)|| > A*r»/||(i;i,ua)|| > ||(«i,wa)|| for (v u v 2 )€dn r2 . 
If /oo = 9co — oo, there is an H > such that 

f(v)>(vv) N ,g(v)>( V v) N 

for v > H , where r\ > is chosen so that 

1 , i 

-A«rr; > 1. 

2 ' 

Let r3 = max{2ri, 8H}. If (ui,«2) G c?f2 r3 , su Pte[o.i] u i — 5 r 3 must hold for 
either i = 1 or i = 2. Without loss of generality, assume that sup tg j L i Ui > \r%. 
Then ^ 

min > — sup v% > -r^ > H, 



r<t<T 



4 



*e[o,i] 



which implies that 



rt«i(*))>(»w(i))"forte[i, |] 



It follows from Lemma 12.41 that 



||T A («i,va)|| > rA^r?||ui|| > -X^Frjrs > r 3 = ||(«i,w 2 )||. 

It follows from Lemma 12.11 that T\ has a fixed point in O ri \ Cl r2 or Q r3 \ O ri . 
Consequently, (I2.5[) has a positive solution for < A < Aq. 

Part (c). Fix two numbers < r% < r±. Lemma |2 . 71 implies that there exists 
a A > such that for A > A , 

\\T x (v 1 ,v 2 )\\>\\(v 1 ,V2)l for (vi,v 2 ) Gffir, (i = 3,4). 
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Since fn — go = foo = goo = 0, it follows from the proof of Theorem 11.21 (a) 
that we can choose < r% < r^/2 and r 2 > 2r 4 such that 

||T A (»i,V2)|| < IKvi.waJH, for {v u v 2 ) e d£l n , (t = l,2). 

It follows from Lemma 12.11 that T\ has two fixed points (vi,v 2 ) and (ui,u 2 ) 
such that (i>i,i>2) S Cl T3 \ ^Vi and (ui,u 2 ) £ £l r2 \ Q r4 , which are the desired 
distinct positive solutions of (I2.5[) for A > A satisfying 

ri < ||(wi,w 2 )|| <r 3 <r 4 < ||(ui,u 2 )|| < r 2 . 

Part (d). Fix two numbers < r$ < 7-4. Lemma [2~8l implies that there exists 
a A > such that for < A < A , 

||T A {vi,v 2 ) || < for ( Vl ,v 2 ) GdQ n , (i = 3,4). 

Since /o = go = foo = goo = 00, it follows from the proof of Theorem 11.21 (b) 
that we can choose < r\ < r^/2 and r 2 > 2r4 such that 

||T A («i,«a)|| > ||(«i,wa)||, for (vi.ua) €dQ ri , (i = 1,2). 

It follows from Lemma 12.11 that has two fixed points (v\,v 2 ) and (1*1,1(2) 
such that (vi,v 2 ) <E fi r3 \ f2 ri and (1/1,1(2) £ ^r 2 \ , which are the desired 
distinct positive solutions of (|2.5[) for A < A satisfying 

ri < ||(vi,W2)|| < r 3 <r 4 < \\(ui, u 2 )\\ < r 2 . 

Part (e). Since f , go, foo, goo < 00, it follows that /o, ffo, /oo, ffoo < 00 and 
there exist positive numbers e\, e 2 , r\ and r\ such that r\ < r 2 ,i = 1,2, 



and 
Let 



/(«) < for < v < r{, g(v) < e^v N for < v < rf, 

f( v ) < £ 2 yN f or v > r 2> g( v ) < e 2 vN f° r v > r 2; 



e 1 = maxlElelmaxl ^y : < w < r\\\ > 

7J JV 

e 2 = maxf^e^maxj^ : rf < V < r 2 }} > 
and e = (maxje 1 })^ > 0. Thus, we have 

»=1,2 

/(«) < M^, <?(u) < (ev) N for v > 0. 

Assume (vi (t), v 2 (t)) is a positive solution of (|2.5|) . We will show that this leads 
to a contradiction for < A < Ao, where 
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In fact, for < A < A , since T\(vi(t),v 2 (t)) = (v 1 (t),v 2 (t)) for t £ [0,1], by 
Lemma 12.61 we have 

||(«l,«2)|| = \\T X ( Vl ,V2)\\ 

< 2£\V\\( Vl ,V 2 )\\ 

< ll(«i,«a)ll 

which is a contradiction. 

Part (f). Since /o, go, foo, goo > 0, there exist positive numbers e\, e 2 , r\ 
and r\ such that r\ < r 2 ,i = 1, 2, 

f(v) > e\v N for < v < i\, g(v) > e^v N for < v < i\, 

and 

/(«) > ^ for v > v\, g(v) > e^N for v > ^ 

Let 

e 1 = min-fe 1 , ei, min{ — =- : r\ < v < rill > 

v 

2 ■ ( 2 2 • r9( v ) 2 ^ ^ 2i^ ^ n 

and e = (minjeH)"^ > 0. Thus, we have 

i=l,2 

f(v) > (ev) N , g(v) > (ev) N for v > 0. 

Assume (ui(f), v 2 (t)) is a positive solution of (|2.5|) . We will show that this 
leads to a contradiction for A > Ao = (jg) iV ■ In fact, since Tx(fi(t), ^(t)) = 
v 2 (t)) for i £ [0, 1], it follows from Lemma 12.41 that, for A > Ao, 

||(wi,«2)|| = ||T A («i,«a)|| 

> reA*||(wi,«a)|| 

> ll(«i.wa)H. 

which is a contradiction. □ 
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